
The experiments completed on the total liquid holdup 
and the step response of a column under periodic control 
have not been reported previously in the literature. The 
analysis of these experiments in t e r m  of the (2s) model 
has provided the basic liquid transfer mechanism in the 
column. 
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NOTATION 

a = parameter in the 1s model 
A = matrix with elements composed of a and b 
b = parameter in the 1s model 
e = entrainment rate, kg s-l 
E = dimensionless entrainment 
f = discrete residence time distribution 
F = step response of the system 
h = liquid holdup on a plate, kg 
H = dimensionless holdup 
m = meancyclenumber 
m = cyclenumber 
M 
n 
N 
P = objective function 
t = time 
T = dimensionless time 
w 
X = output response 

Greek Symbols 

9 

e = dimensionless cycle number 
an 

A art of this research project was supported by the 

- 

= mass of liquid admitted to the column per cycle 
= number of perfectly mixed tanks; or plate number 
= number of plates in the column 

= weeping rate, kg s-l 

= fraction of liquid dropped from a plate in the 1s 
model 

= variance for n tanks 

- 
am = varianceabout m 
u = variance about B 

Subscripts 
d = drain period 
o = vaporperiod 
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An Analysis of Carrier Facilitated 
I ransport in Heterogeneous Media 

A theoretical model is developed for steady state diffusion in reactive 
heterogeneous media in which simultaneous reversible chemical reactions 
occur between diffusible carrier species and the transported species. The 
heterogeneous systems analyzed are those for which one phase is dispersed 
as uniform spheres in a second continuous phase, and either or both 
phases may be reactive. The results have a simple physical interpretation 
in terms of additivity of resistances. The theory is applied to oxygen dif- 
fusion in blood. 
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SCOPE 
Transport processes in heterogeneous media pose an geneous media and with diffusion and chemical reaction 

important problem in science and engineering. This paper in homogeneous media, but the combined problem has 
is concerned with the problem of diffusion with reversible not been studied in depth. The theoretical framework 
chemical reaction in such systems. Previous work has presented here provides a model for heterogeneous reac- 
dealt separately with diffusion in nonreactive hetero- tive systems and serves as a cohesive link between the 

two subjects. The heterogeneous media considered are 
those for which one phase is dispersed as uniform spheres Pieter Stroeve is with the Department of Physiology, University of 

Nijmegen, Nijmegen, The Netherlands. 
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in a second continuous phase. The spheres are required 
to be much smaller than any characteristic dimension of 
fie overall system, Theoretical results are obtained for 
the specific case in which a second-order reaction A + B * AB between a permeating species A and a carrier spe- 
cies B occurs in both the dispersed and the continuous 

phase. I t  is assumed that the interface may present a 
significant resistance to the transport of the permeating 
species and that it is impermeable to the carrier species. 
The theory presented here is applicable to diffusion with 
reversible chemical reaction in dispersions and, in par- 
ticular, the transport of oxygen, nutrients, and nietabolites 
in blood. 

CONCLUSIONS A N D  SIGNIFICANCE 
Analytical results are obtained for the concentration 

field around a single sphere by using the technique of 
single-point linearization and for the effective permeability 
of the entire system by using the technique employed by 
Maxwell. The relationships take into account deviations 
from chemical equilibrium and their effect on transport 
facilitation in each phase. The effective permeability is 
a function of the overall permeabilities of A in the con- 
tinuous phase and in the dispersed phase and is a maxi- 
mum when the reactions in the two phases are at equi- 
librium. The total resistance to transport which is asso- 
ciated with the presence of the sphere in the continuous 
medium corresponds to serial addition of the resistances 
of the interface, the sphere interior, and an additional 
resistance due to deviations from chemical equilibrium in 
the continuous phase. The problem is so posed that de- 
partures from equilibrium in the continuous phase are 
induced solely by the presence of the sphere. 

The theory is illustrated by application to the diffu- 
sion of oxygen in whole blood. The oxygen-hemoglobin 
reaction is modeled here as a one-step reaction scheme; 
more complex schemes may also be used (Stroeve, 1973). 

Physicochemical parameters are taken from the literature. 
Predictions are presented for the characteristic. reaction- 
diffusion length and facilitation factor in the red cell 
and for the average effective oxygen permeability of 
blood as a function of red blood cell volume fraction, 
assumed red blood cell radius, and oxygen partial pres- 
sure driving force conditions. The results suggest that 
the oxygen-hemoglobin reaction in the red cell is near 
but not at equilibrium at 25OC. Small amounts of hemol- 
ysis of red blood cells are predicted to significantly in- 
crease the oxygen transport rate because the continuous 
phase (plasma) is now reactive and the released hemo- 
globin has a much larger diffusivity in the plasma than 
in the red blood cell. This prediction has important im- 
plications for experimental &dies. 

In a companion paper (Stroeve et a]., 1976), experi- 
mental measurements of steady state oxygen permeation 
through red blood cell and model suspensions are com- 
pared with the theoretical model developed in this pa- 
per. The satisfactory agreement between data and pre- 
diction provides support for the assumptions made in 
the analysis. 

Heterogeneous media such as emulsions, slurries, sus- 
pensions, and foams are frequently encountered as proc- 
ess streams. Biological systems are invariably hetero- 
geneous because of their cellular nature. Mass transport 
in such systems is a complex phenomenon. For example, 
solute molecules in blood must diffuse around plasma 
proteins and around or through red blood cells. The 
equilibrium distribution of solute between plasma and 
red blood cells may be unequal. The solute may undergo 
reversible chemical combination with any of the many 
species present in the plasma or the red blood cell, and 
deviations from chemical equilibrium of the reactions 
between the solute and these species may be important. 
Further, the red blood cell membrane may offer a sig- 
nificant resistance to mass transfer. Diffusion with re- 
versible chemical reaction in heterogeneous media is not 
limited to transport in blood; such phenomena may take 
place in the transport of nutrients, metabolites, and 
drugs to tissues or any ensemble of cells. 

Numerous theoretical solutions have been given for 
mass transport without chemical reaction in hetero- 
geneous media. For example, Maxwell (1881) obtained 
an effective permeability for the case of uniform spheri- 
cal particles dispersed in a continuum. A relationship 
for a suspension of randomly oriented spheroids in a 
continuum was obtained by Fricke (1924). Relationships 
for two-phase media have been reviewed by Meredith 
and Tobias (1962) and more recently by Batchelor 
( 1974). Diffusion and reversible chemical reaction in 
homogeneous media has also been extensively treated, 
and published experimental and theoretical studies on 

carrier facilitated transport have been reviewed (Schultz 
et al., 1974; Goddard et al., 1974). Except for the 
specific case of oxygen diffusion through blood with the 
oxyhemoglobin reaction assumed to be at ec uilibrium 
(La Force and Fatt, 1962; Fatt and La For1 e, 1963; 
Spaeth and Friedlander, 1967), integration of .he work 
on such simpler systems toward the more complt x hetero- 
geneous situation has not been examined. 

ANALYSIS 

Problem Statement 

A conceptual diagram of the problem is shown in 
Figure 1. Species A diffuses through a layer of medium 
composed of uniform spherical particles disperred in a 
continuous phase. Solubilities and diffusivities of A in 
the two phases are different. A carrier specie. present 
in each phase can reversibly combine with the diffusing 
species. The problem is to predict the steady state mass 
transport of A through the layer. Because of our inter- 
est in gas transport, the final result is given in terms 
of the effective permeability which relates the average 
flux to the partial pressure difference acloss the layer, 
With a small change in nomenclature, the reswts apply 
equally to nongaseous solutes. The diameter of each 
particle is assumed small compared to the layer thickness 
SO that an effective permeability can be derived for the 
heterogeneous system. More complex kinetics, or a se- 
quence of reactions, can be treated in a similar fashion. 

The analysis is divided in two distinct problems. The 
first is to solve for the concentration field both inside 
and outside a single sphere isolated in a continuum. The 
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CONTINUOUS PHASE: 
A~ + B ' Z Z A B ~  

effective permeability of an assemblage of spheres is 
then obtained using the technique developed by Maxwell. 

Concentration Field 

Consider a single sphere of radius a and permeability 
P A d ,  immersed in an infinite medium of permeability PAc .  
At large distances from the sphere, the flux of the dif- 
fusing species A is everywhere uniform. A single step 
reversible reaction occurs in each phase. 

Aj + Bj ABj 
k-il 

where i = c, d. This reaction is chosen to be illustrative 
and is assumed to follow the kinetics suggested by the 
stoichiometry. The reaction-diffusion equations dre thus 

~i[  --( l a  r 2 F )  +-- r2sin 6 a6 a (sine%)] 
1.2 ar 

= S [ k l r C A I C $  - k - ~ j c ~ ~ j ]  (1) 
where 

6 = + 1  if C=A,B 
S = - 1  if i = A B  

I t  will also be assumed that D B ~  = DAB',  from which 
it is easily shown that the total carrier concentration is 
independent of position; that is 

C B j  + C A B j  = C$ 

In most physical situations, this idealization is approached 
rather closely. With it, the reaction-diffusion equations 
may be reduced to 

( 2 )  

where the substitutions C A j  = IaAjpAj and  PA^ = OCA'DA~ 
have been made in anticipation of the desirability of 
relating the flux of A to the external partial pressure dif- 
ference. 

Solutions are sought of the form 

p A d  = PA' + H ( r )  cos 6 (7) 

(8) 
D B ~ [ C B ~  - ( C B ~ ) " ]  - P A ~ ( ~ A ~  - p ~ ' )  = G ( r )  COS 0 

where the asterisk indicates the value at r = 0, and FeqC 
is the equilibrium facilitation factor in the continuous 
phase [see Equation ( I S ) ] .  The form of Equations (5) 
and (6) is selected on the assumption that the reaction 
in the continuous phase attains equilibrium ( f ,  g + 0) 
within such a short distance from the sphere that the 
equilibrium solution may be taken to be linear in r. 

AlChE Journal (Vol. 22, No. 6)  

DISPERSED PHASE : I 

0 Ix 
L 

Fig. 1. Diffusion of species A in a reactive heterogeneous slab. 
Superscript c denotes continuous phase; superscript d denotes dis- 

persed phase. 

It is further required that perturbations from the values 
at r = 0 be small so as to permit linearization of the 
kinetics in the manner of Friedlander and Keller (1965). 
In this event 

Furthermore, the boundary conditions for r + 00 and r 
= 0 require 

and 

The solutions are 

f,g+O as r + w  (10) 

(11) H ( 0 )  = G(0) = 0 

f ( r )  = - 
u2K1 ( f )+  K 2 (  f )" (+)" 1 + FeqC 

r (4)" [ coshF - 



lander and Keller in their analysis of facilitated transport 
in a single phase of planar geometry. 

The four constants are determined from the boundary 
conditions at r = a. If the continuous and dispersed phases 
are separated by an infinitely thin shell of resistance Ram, 
then continuity of flux across the surface requires that 

(18) 

Furthermore, if the carriers (which may be chemically 
distinct if present in both phases) cannot transit from 
one phase to the other, then 

The solutions for the constants are 
< 

For a spherical cluster of reactive spheres, such that the 
cluster has a r a l u s  R as shown in Figure 2 

where it has been assumed that the point of observation 
is so distant from the cluster that r,, = r and that the 
individual spheres are sufficiently distant from e x h  other 
that their interactions are negligible. Alternati;,ely, the 
entire cluser may be viewed as a single sphere with an 
effective permeability Peff. In this case 

c 

- 
a (:y [ ( 2 + 2 z  a + ") Xc (cosh- X C  - sinh- 

Feqd ) ( 1  + FeqC - 2K1) 
1 

( 1 + FeqC ( 1 + Feqd 
& =  ( g ) v z [  ( hd a a 

2 -sinh- - 
a Ad 

(23)  
where 

1 + Ac/a  

2 + 2Xc/a + a h c  
wc = 

[3(:)Z+ l ] t a ~ - - - 3 2  a 
Ad 

a Ad [ 2 (  :y + 11 tanh? - 2; 
1 + Feqd 1 - i 

(25) 
F d  is the facilitation factor for the dispersed phase, and 
Fd + Feqd as Ad/a + 0. 

The solution for the case in which the shell is per- 
meable to the carrier is given elsewhere (Stroeve, 1973). 

Effective Permeability 

is given by 
At any point in the continuous phase, the total flux of A 

and 

- (29) 
K"1 -  PA'(^ + FeqC) - Pea 

 PA'( 1 + Feq") +. Peff 
- 

1 + FeqC 

Equivalence of the two formulations requires 

or 

In all important respects, this derivatior. is ec uivalent 
to that employed by Maxwell for the case of no~lreactive 
media, 

Lastly, it should be noted that Peff is defined only for 
a single value of P A ,  that is, PA*.  If, in a giver) experi- 
ment, the range of p~ is significant, then Peff rmay also 

Fig. 2. Spherical cluster of reactive spheres in a reactive continuum. 
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vary significantly. In such a case, the appropriate average 
value of Peff is given by 

provided that the geometry corresponds to a simple slab, 
as sketched in Figure 1. 

DISCUSSION OF RESULTS 

General 

sets 
The physical situation becomes much clearer if one 

(33) 
K1 - p~'(1 + FeqC) - Pd - 

1 + Feq" 2PA"(1 + Feq") f Pd 

so that Pd is the equivalent permeability of a sphere im- 
mersed in a continuum of permeability PAc (1 + FeqC) . 
Comparison with Equation (20) then gives 

0 a a - _  - %" + + WcFwc 
F'd PAd ( 1 + F d )  PAc ( 1 Feq') 

(34) 
The left-hand side is simply the total resistance to trans- 
port which is associated with the presence of the sphere. 
The first two terms on the right correspond to serial 
addition of the resistances of the shell and of the sphere 
interior. Furthermore, it is again evident that Fd does 
represent the transport facilitation within the sphere. 
The last term represents an additional resistance in the 
continuous phase which is associated with deviations 
from chemical equilibrium in that phase. These departures 
from equilibrium are induced solely by the presence 
of the sphere. Clearly, there is no induced resistance if 
Feqc = 0 or if WC = 0, where the latter would corre- 
spond to very fast external kinetics (ic/a + 0). 

As derived here, Fd has the form 

as does the relation obtained by Friedlander and Keller 
(1965) for the case of a slab, A comparison of the 

Y 0. "I I 

// a n d  

L / X  o r  2 a / ~ ~  

Fig. 3. Comparison of the facilitation factor for a slab with that for a 
sphere. 

values of y appropriate to the two geometries is showp 
in Figure 3. A qualitative correspondence was to be 
expected, but the quantitative similarities are surprising. 
In fact, the two curves approach unity in exactly the 
same manner. 

The possibility of reaction in the continuous phase 
also raises a question as to the range of volume fraction 
for which the analysis is valid. For inert media, it is 
known experimentally (Meredith and Tobias, 1962) that 
Maxwell's treatment is surprisingly good for all volume 
fractions, provided that the particles are not highly 
anisotropic and that Pd/P is not extremely large relative 
to unity. The same conclusion, with the latter constraint 
generalized to Pd/PC( 1 + F,,c),  presumably applies to 
the present analysis, except for the complications asso- 
ciated with the deviations from chemical equilibrium 
which are induced in the continuous phase by the pres- 
ence of the sphere. Conservative criteria for validitv when 
reaction occurs in the continuous phase would be to 
require both that the nonequilibrium reactive volume in 
the continuous phase be a modest fraction of that phase 

(36) 
Q, [( 1 + f>J - 11 

and that the induced resistance be a small fraction of 
the continuous phase resistance 

WCFeqC 4 €2 (37) 
This should also ensure that the simplifications inherent 
in Equations ( 5 )  and (6) be valid. 

F i- 

Fig. 4. Flux and potential plots for a single reactive sphere in a 
nonreactive continuum with Fd = 4, Pd/PC = 1/9, and o/hd = 14. 
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TABLE 1. PHYSICOCHEMICAL PARAMETERS E M P L O ~  D FOR 
THE DIFFUSION OF OXYGEN IN WHOLE BLOOD AT 25°C 

0.08l I I I I I I 
0 20 40 6 0  80 100 120 140 

pO2, m m  Hg 

Fig. 5. Characteristic length hd for conditions inside the red blood 
cell. 

i 

SPHERE RADIUS ( o ) . p r n  

Fig. 6. The facilitation factor in the red cell os a function of oxygen 
partial pressure and equivalent sphere radius. 

Lw ,,- o = l p m  L 
NON R E AC T IVE  

w 
0 

0 20 40 60 80 
P ,mm Hg 
0 2  

Fig. 7. Local effective permeability for whole blood a t  25°C with @ = 
0.45. 

Finally, it should be noted that the reaction within 
the sphere may be shut off either by letting FelP + 0 
or by letting Ad/a + a. The external reaction may be 
shut off only by letting FWC + 0, because the analysis 
initially assumed a single sphere in an infinite medium. 

It is evident from Equations (4) and (26) that 

Parameter* Value Source 

kid 3.0 x 106 1 mole-1s-1 
k-id 42.8 s-1 
Dad 0.65 x 10-5 cm2 s-1 
ffAd 1.75 x 10-6 mole 1-1 

Dgd 0.76 x 10-7 cm2 s-1 
CTd 0.020 mole heme 1-1 
 PA^ = (uACDAC 2.80 x 10-14 mole s-1 

cm-1 (mm Hg ) -1 

(mm Hg) -1 

Gibson ( 195'3) 
Gibson (1959) 
Kreuzer (1910) 
Altman and Dittmer 

Kreuzer (1970) 

Altman and Dittmer 

Hershey and Karhan 

( 1971 ) 

(1971 ), 

(1968) 

* A  = Oa, B = hemoglobin. 

describes a suitable potential function. That is, it satisfies 
Laplace's equation and its gradient is proportiord to the 
total flux. Purthermore, a suitable conjugate (5-ream or 
flux) function is given by 

This representation is particularly useful in the colitinuous 
phase. In the dispersed phase, however, lines of con- 
stant + are simply parallel to e = 0, and lines of con- 
stant 4 are parallel to @ = a/2. Furthermore, the- poten- 
tial function is discontinuous across r = a. Figure 4 shows 
the flux and potential lines in the continuous pl ase and 
lines of constant p A  within the sphere. Since thc sphere 
is less permeable than the continuous phase [P( 1 + 
Feqd) < P c ] ,  the flux lines bend away from the sphere. 
Within the sphere, lines of constant pA are concimtrated 
near the surface r = a as a result of the fact that the 
reaction is fast (Ad/a = 1/14). 
Application to Oxygen Diffusion in Blood 

For oxygen diffusion, whole blood may be treated as 
a reactive suspension with no reaction in the COI tinuous 
phase. Physicochemical parameters used in the calcula- 
tions are listed in Table 1. The one-step reaction scheme 
employed above is a useful approximation to rt present 
oxygen-hemoglobin kinetics (Hartridge and Roughton, 
1923, 1925). Furthermore, the techniques developed 
here can be extended to more realistic kinetic xhemes 
(Stroeve, 1973) such as that of Adair (1925). 

The characteristic length Ad for the oxygen-her oglobiii 
reaction inside the red blood cell at 25°C is shown in 
Figure 5 as a function of the oxygen partial presslire pm. 
It varies from 0.1 to 0.15 pm over the poz range plotted 
and reaches a maximum value at about 24 rnm Iig. The 
facilitation factor Fd is plotted as a function of sphere 
radius and po, in Figure 6. The upper and lower bounds 
for the equivalent spherical radius are taken to be the 
smallest ( 1  pm) and largest (4 pm) half thicknt s e s  of 
the biconcave red blood cell. Within these bouitds, F d  

varies from 40 to 80% of its equilibrium value. F,,d 

is approached asymptotically at large a. The curves de- 
pend markedly upon PO?, primarily because of it\ effect 
on the equilibrium facilitation factor Feqd and orily sec- 
ondarily because of the dependence of Ad on parti,tl pres- 
sure. For a one-step reaction scheme and fixed radius, F d  

attains a maximum value as the oxygen partial pressure 
approaches zero. 
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Values of Peff consistent with these facilitation factors 
are shown in Figure 7 as a function of poZ. The local 
effective permeability is obtained from Equation (31) 
with Ram equal to zero since the red blood cell mem- 
brane resistance to oxygen transport is negligible (Kreuzer 
and Yahr,&l960; Stein et al., 1971; Stroeve et al., 1976). 
The curves are plotted for the bounding estimates of 
equivalent sphere radius, for a sphere with equivalent 
red cell specific area (1.6 pm), and for the nonreactive 
and equilibrium limiting conditions. All curves approach 
the nonreactive case at high poz as oxyhemoglobin be- 
comes saturated and the effect of the chemical reaction 
becomes negligible. 

Figure 8 shows the ratio of the average effective per- 
meability of a layer of blood to that of plasma as a 
function of sphere radius and volume fraction red blood 
cells in plasma with pozL = 0 and poZo = 40 or 140 
mm Hg. Teff/Pc was evaluated numerically from Equa- 
tion ( 3 2 ) ,  except for the equilibrium limit which may 
ble obtained in closed form: 

I I I I '  I 0 L\ 

0 0 2  0 4  0 6  0 8  10 
V O L U M E  

I .o 
" <  

': 0 9 

: 0 8  
in* 

- 
A - 
m u 0.7 

I 
5 0.6 

w 

W 
> 0.5 

a 
- 
+ 

0.4 
[L 

0.3 
0 0.2 0.4 0.6 0 8 1.0 

F R A C T I O N ,  

Fig. 8. Average effective permeability ratio for pozL = 0 and (a) 
poZo = 40 mm Hg; (b) po20 = 140 mm Hg. 

CHb,  it follows that the product remains nearly constant 
over a wide range of C H b .  For instance, a thirtyfold re- 
duction in concentration level relative to that present 

where 

S =  DAd [ 2 - 2 @ + - ( 1 + 2 @ ) ]  P d  

DsdKeqdCTd PC 
(43) 

(44) 

(45 1 

Pd 
P" 

t = -  (1 + 2@) 

u = -  ( 1  - @) 
P d  

P" 

'The intercept at = 1 for the nonreactive case is simply 
Pd/Pc. As anticipated from Figure 7,  Feff is higher when 
poz at both boundaries falls within the range where 
loxyhemoglobin is not completely saturated. Under such 
conditions, transport facilitation within red blood cells 
can actually increase the average effective permeability 
of blood above that of plasma. 

Figure 9 shows the average effective permeability 
divided by the normal plasma permeability as a function 
of the initial volume fraction for a case in which 5% 
of the original red cells have been hemolyzed. The driv- 
ing force conditions are the same as in Figure 8a. Oxygen 
permeability and hemoglobin diff usivity in plasma were 
estimated as a function of the total protein concentration 
(plasma proteins and hemog!obin) from the correlation 
of Kreuzer (1970). It is obvious from Figure 9 that even 
small amounts of hemolysis can substantially increase 
the oxygen transport rate in red blood cell suspensions. 
This occurs because the hemoglobin released into the 
plasma renders the continuous phase reactive with re- 
spect to oxygen transport. It might be thought that the 
facilitation in the plasma would be minimal because the 
hemoglobin concentration in the plasma would ordinarily 
still be small, even if not zero. However, since the flux 
augmentation is proportional to DH&Hh [see Equation 
( IS) ]  and since DHb exhibits an inverse dependence on 

AlChE Journal (Vol. 22, No. 6 )  

in the red blood cell results in only a 2.5 fold reduction 
in D H b C H b .  The effect of the oxygen-hemoglobin reaction 
in the continuous phase poses severe constraints on the 
extent of hemolysis allowable in experimental studies of 
oxygen transport in blood, 

It should be noted that the curves with and without 
hemolysis cross at high initial volume fractions. This be- 
havior is physically unrealistic and reflects the fact that 
for hemolysis and high initial volume fractions, the cri- 
terion given by Equation (37) is not satisfied. 

I .4 

v 
\ 
.c ,> I.  2 

s. 
I- 
-I 
- 
m I. 0 

w 0.8 
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a 
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I- 

J 
W 
[L 

2 
a 0.6 

0.4 

- 
EQU I L I B R l U M  
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- 

- - NO H E M O L Y S I S  
- 5 O/o HEMOLYSIS  --- 

0 0.2 0.4 0.6 0.8 1.0 

VOLUME F R A C T I O N ,  
Fig. 9. Average effective permeability ratio in the presence and 
absence of hemolysis. poZo = 40 mm Hg and pozL = 0 mm Hg, 

5% hemolysis. 
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